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Abstract—An important problem in the numerical simulation of turbulent heat exchange in fluids is
accurate prediction of hydrodynamic characteristics of the flow in the boundary layer, which requires
a fine grid near rigid surfaces. In applications, it is not always possible to have a fine grid and the use
of a coarser grid results in significant loss of accuracy. A well-known approach to improving the accu-
racy of the numerical simulation of the boundary layer is the use of universal wall functions for com-
puting the friction and thermal flux. In this paper, we consider the known wall functions for computing
the thermal flux. The accuracy of these functions in problems of turbulent nonisothermal flow of fluid
is studied. These are the flow in a plane channel, Couette flow, and flow along a heated plate. Each of
these problems is solved on grids with various near wall resolutions. The results of solving these prob-
lems provide a basis for estimating the accuracy of the wall functions used for solving them. It is shown
that the wall functions considered in this study yield nonmonotonic convergence of the results as the
grid is refined.
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INTRODUCTION

A large part of practically important flows of fluids is turbulent and contains portions of the boundary
layer near a rigid surface. The boundary layer has a complex structure, and it is characterized by high gra-
dients of the longitudinal velocity and temperature. The gradient of velocity in the boundary layer directly
determines the friction force and, therefore, the total hydrodynamical drag [1]. In turn, the gradient of
temperature determines the thermal flux transferred from the fluid to the rigid body. For this reason, the
accuracy of numerical simulation of most problems directly depends on the accuracy of the boundary
layer.

Methods of numerical simulation of the boundary layer are determined by the approaches used to sim-
ulate turbulence. For example, in the case of direct numerical simulation, eddies of all linear scales,
including Kolmogorov’s scale, must be reproduced in the boundary layer (see [2]). This requires the use
of detailed grid models, which requires prohibitively high computational resources [3—5]. Presently, the
RANS models of turbulence [6, 7] are the best available models for simulating turbulent flows of fluids.
In the RANS model, the instantaneous fields of basic quantities are replaced by averaged fields. This
makes it possible to significantly reduce the number of grid cells in the boundary layer. However, the gra-
dients of the averaged fields of velocity and temperature in the direction orthogonal to the wall remain
high in the boundary layer, and they require a fine grid in this domain.

The quality of grid resolution is determined by the distance from the wall to the first grid node, which
must be deep in the laminar sublayer to provide good results; this corresponds to the value of the dimen-

1006



THE USE OF WALL FUNCTIONS FOR SIMULATING 1007

sionless parameter y* < 1 (see [1]). In many problems, the construction of the computation grid with such
a near-wall resolution runs into difficulties because the flow velocity can change by several orders of mag-
nitude near the same rigid surface, which implies a similar variation of the dimensionless parameter y*.
In such problems, the construction of a computation grid satisfying the condition that the first near wall
layer is within the laminar sublayer along the entire rigid surface (y* < 1), results in the increase of the
number of grid cells and emergence of zones with an excessive number of cells that do not improve the
results but consume computational resources. On the other hand, the failure to satisfy this condition even
for small portions of the rigid surface yields poor results because already for y* > 10 the direct method of
computing the friction force on the wall gives a significant error [8, 9].

A way out is to use universal wall functions that make it possible to accurately predict the friction coef-
ficient and velocity derivative on the rigid wall in a wide range of values of the parameter y*. The method
of wall functions became popular after the publication of the paper by Launder and Spalding [8] and has
since become an indispensible tool for working with RANS turbulence models. This method is based on
initializing the boundary conditions for the equation of conservation of momentum and energy at a certain
distance from the wall outside the laminar sublayer rather than on the wall itself. The boundary conditions
are moved into the region of turbulent near wall layer, which reduces the number of grid cells in the normal
direction to the wall. The basic assumptions of the method of wall functions are the universality of the log-
arithmic velocity and temperature profile in the near wall region and the constancy of the shear stress,
thermal flux, and turbulent energy [10]. For this reason, wall functions for approximating the longitudinal
velocity profile and thermal wall functions are distinguished. The application of wall functions makes it
possible to simulate near wall phenomena that are characteristic for turbulence. However, this method
requires further elaboration to enable it to take into account low Reynolds elements of the turbulence
model (see [8]).

The further elaboration of the method of wall functions reduces to expanding the range of their appli-
cation due to improving the accuracy in the laminar sublayer. For example, in [11] a wall thermal function
is obtained that automatically resolves the laminar sublayer and the logarithmic subregion of the boundary
layer. It is shown that the results obtained using this function are in good agreement with experimental
data for the Prandtl numbers Pr > 1. However, no comparison of the results obtained on grids with dif-
ferent resolutions is given in [11].

In [12], an approximation that includes three types of wall functions for resolving the boundary layer
for the laminar, buffer, and logarithmic sublayers is proposed. These functions make it possible to com-
pute the thermal flux at the Prandtl numbers y*Pr< 1, y*Pr=1— 11.7, and y*Pr > 11.7, respectively. The
proposed wall functions make it possible to simulate the boundary layer in a wide range of Prandtl num-
bers; however, these functions must be improved for solving special problems; this improvement is to cal-
ibrate formulas relative to the reference solution results.

In [13], versions of the temperature and velocity wall functions for materials with different values of the
Prandtl number are derived from the differential equations of conservation of energy and momentum,
respectively. For air (Pr ~ 0.7), the analytical dependence thus obtained is in good agreement with exper-
imental data; however, the analytical dependence for water (Pr ~ 5.9) cannot provide good agreement with
experimental data because the thickness of the thermal boundary layer becomes less than the thickness of
the dynamic layer; this requires the values of the eddy viscosity and the turbulent Prandtl number for flu-
ids with Pr> 1 at small y* to be determined more accurately.

In [10], the influence of such factors as flows on impermeable surfaces with a nonzero pressure gradi-
ent, flows on permeable surfaces with a zero pressure gradient, and free convection on impermeable and
permeable surfaces, which complicate the flow, on wall functions is analyzed. It is justified that there are
no universal wall functions, but they should be chosen depending on the class of flows under examination.

The recent paper [11], which concerns the influence of the near wall step on the flow pattern, is
devoted to the computation of separated flows of the incompressible viscous fluid within the model of
shear stress transfer (MSST). The authors considered the flow around a disk—cylinder arrangement with
the ultralow profile drag and gave a detailed analysis of the fields of applicability of wall functions for some
turbulence models; they also distinguished the cases in which the application of wall functions is appro-
priate.

Such a diversity of wall functions is explained by attempts to reduce errors when these functions are
applied to various classes of problems. In this paper, we study the accuracy of wall functions of the existing
thermal wall functions as applied to forced convection with a thermal boundary layer. We consider the fol-
lowing wall functions: the one defined in [12], which uses the interpolation coefficient for the smooth
switching between the expression for the logarithmic and turbulent subregions; the function defined
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in [14], which was obtained for computation with Prandtl numbers for gases; and the function defined
in [13], which uses a special expression for the buffer subregion of the thermal boundary layer. As bench-
mark problems, we consider the flow in a plane channel with heated walls and volumetric heat release
[15], Couette flow [1], and flow around a heated plate [17]. Each of these problems is solved on grids with
different near wall resolution. On the basis of the computational results, we estimate the accuracy of each
wall function. We also discuss the monotonicity of the results depending on the grid refinement in the
vicinity of the boundary layer.

1. SIMULATION OF THE THERMAL BOUNDARY LAYER

The definition of wall functions is reduced to establishing a relationship between the parameters T+
and y* using empirical formulas. Here T is the temperature on the wall made nondimensional using the
wall temperature 7,, and the temperature in the first node 7}, density p, the specific heat capacity Cp,

pud

dynamic velocity u,, and the thermal flux on the wall g,;; y* = is the dimensionless distance to the

wall, where d is the shortest distance to the wall, and | is the dynamic viscosity. The quantity 7 is used
to compute the thermal flux on the wall in the form (see [12])

;o T=T _(L,=T)pCpu _ (T, =T)pCpu
T 7 4qy T 5

where T, = q,,/(pCpu,) is the friction temperature.
Next, we consider the most popular thermal wall functions.

One such function defined in [12] (it is denoted as function A below) is

2.5(2 —Z)

T'(y") =y Pre™ +:2.12In| (1 + y") 814 B(Prybe D,
1+4(1—Z)
)

where B(Pr) = (3.85 Pr'/? — 1.3)> + 2.12 In(Pr) and T' = 0.01 (" Pr)*/(1 + 5 y* Pr).

This function is characterized by the presence of interpolation coefficients e and e/, which are
used for the smooth switching between dependences for the laminar and logarithmic sublayers.

For flows with the Prandtl number Pr = 0.7—1, the following wall function was proposed in [14] (it is
denoted as function B below):

0" = y ' Pr, y <132,
2.075In(y") +13.2Pr —5.34, y' >13.2.

This function differs from function A by the dependence 7" (y") in the logarithmic part of the boundary
layer. In this function, the intersection point of the wall functions for the laminar and logarithmic sublayer
is distinguished; at this point, there is a kink (see Fig. 1), which can result in poor iterative convergence
and nonmonotonicity of the results as the grid is refined.

In [13], a function that includes a special formula for the more accurate definition of the distribution
T*(y") in the transient sublayer (it is denoted as function C below) is proposed. It is defined by
y'Pr, y Pr<l,
T°(y")=|1.87In(y" Pr +1)+0.065y" Pr —0.36, 1<y Pr<I11.7,

2.5In(y" Pr)—1, y Pr>11.7.
This function does not have considerable kinks in the profile 77 (y") (see Fig. 1). Function C underesti-
mates 7+ compared with functions A and B. This implies that function C gives a greater thermal flux in
the boundary layer compared with functions A and B (Fig. 1).
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Fig. 1. Plot of dependence T+(y+) for the wall functions A, B, and C.

Below, we present the results of comparing these wall functions applied to the simulation of forced con-
vection with a thermal boundary layer. As the wall functions for friction on the wall, we use the universal
wall functions (see [18])

1

Uvt=—L__ U=y U, =LllogEy),
1 1 K
Vo "o
vis log

where £ = 7.3 and k¥ = 0.41 is the Karman constant. The value U" is used for computing the friction T,

u, = UI/U+, T, = puf.

The turbulence kinetic energy k£ and the dissipation velocity of the turbulent energy w in the near
boundary cells are approximated by the expressions

_1 2
1 1 2, +\3.5 u
k=|—+—1| , ky =0.002u kg, =
1 [kvis klOgJ r(y ) log 03
2 80v U
= O(’vis(l)vis + 0‘)0 ’ O‘)vis = s 0)0 = s
@ = ) Oy 4 T 0.3kd

where o, = 0.7.

These formulas combine the approximation for the laminar (viscous) sublayer (vis) and for the loga-
rithmic subregion (log). The expression making the largest contribution depends on the value of y* to
which the boundary layer region corresponds.

The wall functions just described are used as boundary conditions for solving the system of hydrody-
namic equations. For nonisothermal flows of viscous incompressible fluid, the Navier—Stokes system of
equations supplemented by a turbulence model is used [16]. The numerical solution of such a system is
considered in many studies; a detailed description can be found in [19—22].

In this paper, we use the SST model for simulating turbulence [16]. We find the numerical solution to
the Navier—Stokes system of equations using the method SIMPLE based on finite volume approximation.
A detailed description of this method can be found in [16, 19, 20]. The computations were performed
using the Russian-made software package LOGOS designed for solving complex 3D problems of convec-
tive heat and mass transfer and fluid dynamics on parallel computers [4, 5, 7, 21, 22].
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Fig. 2. Temperature profiles in the channel, o for the computation on the grid with y+ =0.025.

2. NUMERICAL EXPERIMENTS

We investigate the accuracy of simulating the turbulent boundary layer using the wall functions by solv-
ing the following problems concerning turbulent flow with heat exchange: flow in a plane channel [15],
flow in a cannel with a moving wall (Couette’s flow) [16], and flow around a flat plate [17]. The steady
flow in a channel and Couette’s flow are simple equilibrium flows that can be equally well computed on
fine and on coarse grids. The problem of turbulent homogeneous flow around a plate is widely used for
validating and verifying methodologies in computational fluid dynamics and turbulence models. The
numerical computations were made for the Prandtl number Pr = 1.

2.1. Flow in a Channel

We considered the problem of turbulent flow of incompressible fluid in a plane channel with cooled
walls. The problem was solved for the Reynolds number Re; = 900 obtained based on the half height of
the channel and the dynamic velocity #; on the wall. The temperature of the channel walls is constant
T = 0. The volumetric energy release

0= 2pCp
Re, Pr
is specified in the computation domain. The flow of fluid is initiated by the source in the equation of
momenta:

2pu;
x = T
Periodic boundary conditions are set on the input and output boundaries.

1

This problem was solved on different computational grids corresponding to different values of y*.
On the finest grid, y* corresponded to 0.025, and on the coarsest grid it was y* = 60. Each computational
grid was refined near the walls, and the size of grid cells in the refined region varied at the rate of a geo-
metric progression with the quotient 1.15.

In the steady flow, all the heat generated by the volumetric source leaves the domain through the ther-
mal flux on the walls. The unknown quantity in this problem is the distribution of temperature and its
maximum value, which is achieved in the center of the channel. If the thermal flux g,, is underestimated,

then the maximum temperature 7, is overestimated; conversely, if the thermal flux is overestimated,

then the maximum temperature is underestimated.

Figure 2 shows the profiles of the dimensionless temperatures 7+ on the grids with y* = 10 obtained
using the thermal functions under consideration.
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Fig. 3. Deviation of the maximum temperature and maximum velocity as a function of y ™.

The temperature profile obtained on the finest grid with y* = 0.025 is in good agreement with the
empirical dependence [23] represented by the formulas 7+ = y™ and T* = 5.911g(y™) + 3.26, which are
illustrated in Fig. 2 by curves 1 and 2. The result with the lowest y* is independent of the choice of the wall
function because the boundary layer is numerically resolved up to the laminar sublayer in which the heat
transfer is mainly caused by heat conduction. As y* increases, different wall functions give deviations from
the empirical profile. For the analysis of results, it is convenient to consider the deviation

+ 0
dT+ — Tmax — Tmax
max TO
max

where T,ﬁax is the maximum dimensionless temperature obtained on the finest grid y* = 0.025.

Figure 3 illustrates the deviations of the maximum temperature and the maximum velocity as functions
of y*: the curves A, B, and C represent the deviation of the maximum temperature obtained for the func-
tions A, B, and C, respectively; the curve D represents the deviation of the maximum temperature

obtained without using the wall function; and the curve dU,,, represents the deviation of the maximum

velocity

+ 0
Umax — Umax
0
U,

max

B

where U, is the maximum dimensionless velocity obtained on the finest grid.

It is seen in Fig. 3 that up to y* = 1 the wall function give approximately the same deviation, which
coincides with the maximum velocity deviation in the channel center. This indicates that the error in the
work of the thermal wall functions is probably caused by the error in the work of the friction wall function.
Beyond y* = 1, there variations are of different nature. As could be expected, the error in the solution
obtained without using the wall functions quickly increases when y* > 10. The maximum error for the
functions A, B, and C is 20%, 28%, and 13%, respectively. However, the function B gives a steadily
increasing error, while the two other functions demonstrate a nonmonotonic behavior of the result. For
example, for the functions A and B, in the domains y* = 5 and y* = 3, respectively, the deviation is lower
than on finer grids with lower y*. In practice, this can deteriorate the simulation results as the computation
grid is refined.
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Fig. 4. Deviation of the thermal flux and friction stress on the wall as a function of y ™.

2.2. Channel with a Moving Wall

In this subsection, we consider the steady turbulent flow of incompressible fluid in a plane channel
with a moving heated wall (Couette’s flow). The problem was solved with the Reynolds number Re =
uh/v = 10°, where u,, is the wall velocity and / is the channel height. The temperature on the moving wall
is constant, 7= 1, and the temperature on the stationary wall is also constant, 7= 0. Periodic boundary
conditions are specified on the input and output boundaries of the channel. The problem was solved on
different grids with y* = 0.035 for the finest grid and y* = 400 for the coarsest grid. The grid was refined
at the rate of a geometric progression with the quotient 1.15.

After the flow steadies, the temperature profile becomes centrally symmetric about the channel center,
and the thermal flux ¢,, on the moving and stationary walls becomes equal. Figure 4 shows the deviation

of the thermal flux on the wall from the solution obtained on the finest grid with y* = 0.035.

It is seen from these plots that, as in the preceding problem, the deviations of the thermal flux for y* <2 are
similar to the deviations of the friction coefficient. The function C gave the worst result on the grids with
y* > 6, where the error was as high as almost 26%. The function A gave the error of 24% for y* > 10; how-
ever, in the interval 2 < y* < 10 it gave better results than the function A. The function C demonstrated a
high error for 2 < y* < 30, which reached 11%. All the functions demonstrated a nonmonotonic behavior
of the result as the grid is refined.

2.3. Flow around a Plate

In this subsection, we consider the two-dimensional homogeneous turbulent flow around a heated flat
plate. The problem was solved with the Reynolds number Re = u,,L/v = 107 at the end of the plate, where
U, is the velocity of the incident flow and L = 1 is the plate length. Figure 5 shows an example of the com-
putation grid for this problem. The height of the computation domain is # = 0.25. On the boundary 4B,
the incoming flow with the fixed velocity u., and temperature 7 = 0 is specified. The boundary CD is the
plate surface with the fixed temperature 7= 1. The boundary BC is a segment of length 0.03L ahead of
the plate. Symmetric boundary conditions are specified on the boundaries BC and AE. The boundary
condition with the zero static pressure is specified on the boundary ED. The problem was solved on dif-
ferent grids corresponding to the parameter y© = 0.18—180 on the trailing edge of the plate. The height of
the grid cells increased at the rate of a geometric progression with the quotient 1.15 with recede from the
plate surface. The number of grid cells along the direction x was the same for all grids, and their width
increased at the rate of a geometric progression with the quotient 1.15; the minimal grid step was 0.0005,
and the maximal size was 0.04.
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THE USE OF WALL FUNCTIONS FOR SIMULATING 1013

B C D

Fig. 5. Example of the computation grid for the plate flow problem.

11

——B

-16

-® =-C
=21

cees T

-26L

Fig. 6. Deviation of the thermal flux and friction stress on the wall from the limiting solution.

After the flow becomes steady, the tangent friction stress on the plate and the thermal flux decrease
when receding from the plate’s leading edge. The thermal flux was measured on the plate at the point at
the distance x from the plate’s leading edge; this distance corresponds to the local Reynolds number Re, =
Xu../V = 8.7 X 10°. Figure 6 shows the plot of thermal fluxes g,, on grids with different y*.

The results in Fig. 6 are similar to the results obtained for the preceding problem. The function C
demonstrates the nonmonotonicity of results and a high deviation at the medium values of y*. The func-
tion A demonstrates a high deviation up to 18% on coarse grids. For the function B, the deviation is the
highest reaching as high as 20%.

The solution of three problems using three wall thermal functions showed that none of the examined
approximations gives the minimally acceptable error. The wall function A provides better results for y* < 10;
however, the deviation of the thermal characteristics grows on coarse grids. The function B provides large
deviations in the logarithmic sublayer, in which it tends to overestimate 7'*. The function C gives the high-
est deviation of results in the interval 1 <y* Pr<11.7. Another drawback of the functions considered above
is the nonmonotonic convergence of the results as the computation grid is refined.

CONCLUSIONS

The accuracy of simulating the thermal boundary layer on grids with different resolutions in the
boundary layer and with different thermal wall functions described in [12—14] was examined. These wall
functions were used to perform a series of computations of the turbulent nonisothermal flow of fluid in
channels and along a plate with the Prandtl number Pr = 1.

It was found that the use of the function [13] gives the lowest error in the estimation of the dimension-
less temperature on coarse grids compared with the other functions. However, this function gives a large
deviation in the intermediate domain. The functions described in [12, 14] give the deviation that grows up
to 20% with increasing y*. The study also showed that all the examined function can give a nonmonotonic
convergence when the computation grid is refined. In practice, this can deteriorate the simulation results
as the computation grid is refined.
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