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Abstract—A numerical algorithm that correctly takes into account the force of gravity in the presence
of density discontinuities is constructed using unstructured collocated grids and splitting algorithms
based on SIMPLE-type methods. A correct hydrostatic pressure field is obtained by explicitly extract-
ing the gravity force contribution to the pressure equation and computing it using the solution of the
gravity equilibrium problem for a two-phase medium. To ensure that the force of gravity is balanced
by the pressure gradient in the case of a medium at rest, an algorithm is proposed according to which
the pressure gradient in the equations of motion is replaced by a modification allowing for the force of
gravity. Well-known free-surface problems are used to show that, in contrast to previously known algo-
rithms, the proposed ones on unstructured meshes correctly predict hydrostatic pressure fields and do
not yield velocity oscillations or free-surface distortions.
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INTRODUCTION

At present, free-surface multiphase f lows can be simulated by applying several methods that differ in
the approach to free-surface computation. One method is based on the Lagrangian approach, in which a
free surface is tracked using grid nodes or particles (see [1, 2]). Another method is based on the Euler
approach, in which a free surface is tracked using special markers, which can be particles (see [3]) or spa-
tial marker functions governed by the convective transport equation [4–6]. Most frequently used in prac-
tice is the latter method with the marker function being the volume fraction of the f luid (volume-of-fluid
(VOF) method [6]). In this method, the f luid–gas system is treated as a unified one-speed medium with
variable physical properties. The method can easily be extended to arbitrary unstructured meshes and an
arbitrary number of phases [7].

A crucial characteristic for free-surface f lows is gravity. It has a discontinuity at the free surface due to
a sharp change in the material density. As a result, the pressure gradient, which balances gravity in the case
of a medium at rest, suffers a discontinuity as well [8]. The design of a numerical algorithm for taking into
account gravity and computing the pressure gradient is a nontrivial problem. This is especially true in the
case of collocated grids, which are mainly used in practice, but lead to a weak coupling between the veloc-
ity and pressure fields [9–11]. In collocated grids, pressure and velocity are stored at the same locations
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(as a rule, at cell centers). This leads to checkerboard oscillations, which can be avoided by applying, for
example, the Rhie–Chow method [12].

The construction of numerical algorithms free of spurious oscillations in the case of an inhomoge-
neous gravity field caused by density inhomogeneities has been addressed in numerous publications (see,
e.g., [13–15]). Specifically, allowance for a body force (an example of which is gravity) in the momentum
conservation equation was discussed in [13]. To eliminate oscillations from the velocity and pressure
fields, the authors proposed a correction term of the Rhie–Chow type, [2] which solves the problem.
However, they did not consider strong discontinuities in the body force field, in which case the pressure
gradient has to be calculated so as to completely balance the body force when the medium is at rest.

Allowance for gravity was theoretically considered in [14]. Relying on the ideas of [13], a balance-
ensuring expression was proposed for interpolating the body force and pressure to internal grid faces.
The velocity field was demonstrated to have no oscillations, but the resulting shapes of the free surface
were not discussed. Additionally, the efficiency of the algorithm in the case of arbitrary unstructured
meshes was not analyzed. Note also that the Rhie–Chow correction term proposed in [16] was used in
[14] for the nonstationary term in the momentum conservation equation. However, it was shown in [17]
that this correction may lead to a distorted free surface shape.

To calculate the pressure gradient in the presence of gravity forces, an efficient scheme based on the
interpolation of the pressure gradient with allowance for the medium densities in adjacent cells was pre-
sented in [15]. This algorithm was free of spurious oscillations in the velocity field near the free surface,
but its performance was demonstrated only on orthogonal grids with lines parallel to the direction of the
gravity force.

In this paper, we describe an algorithm for deriving a pressure equation based on the Rhie–Chow
method. The algorithm is constructed by replacing the interpolation of the gravity force in the pressure
equation by its direct discrete analogue. An expression for the direct discrete analogue is obtained using
the hydrostatic approximation, which ensures that a correct pressure field is produced on an arbitrary
unstructured mesh. To ensure the balance between the gravity force and the pressure gradient in the case
of a medium at rest, an algorithm is proposed based on replacing the pressure gradient in the equation of
motion by its modification taking into account the force of gravity.

The efficiency of the proposed solutions is examined by numerically solving an equilibrium problem
for a two-phase medium under gravity that has an analytical solution. It is shown that, in contrast to exist-
ing numerical schemes, the proposed ones yield a correct hydrostatic pressure and ensure the balance
between the gravity force and the pressure gradient on unstructured grids. The accuracy of the free surface
shape predicted by applying the proposed numerical algorithms is estimated by solving the problem of
fluid oscillation under gravity and the breaking liquid column problem.

1. METHOD FOR TAKING INTO ACCOUNT GRAVITY

In the VOF method, the continuity and momentum equations are the same for all phases and are
solved for a resulting medium whose properties depend linearly on the volume fraction of each phase. The
general system of equations for the multiphase medium has the form (see [7])

(1.1)

where ρ =  is the resulting density of the medium, μ =  is the resulting viscosity of the

medium, p is the pressure, ui is the vector of velocity components, N is the number of phases in the prob-

lem, Fj is the volume fraction of phase j, and gi is the force of gravity. In system (1.1), the momentum equa-

tion is written so as to produce the best results in the numerical solution of free-surface problems [18].

System (1.1) is solved using classical splitting algorithms, such as SIMPLE [9, 11], PISO [7, 17], and a
fully implicit algorithm [19–22]; in all of them, a pressure equation is derived by substituting a discretized
velocity equation into the continuity equation. In the case of finite-volume discretization, the discrete

−

⎧
⎛ ⎛ ⎞⎞∂ρ ∂ρ ∂∂ ∂∂ ∂⎪ρ + − = − + μ + + ρ⎜ ⎜ ⎟⎟⎪ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎝ ⎠⎠

⎪
⎪∂

=⎨
∂⎪

⎪∂ ∂
⎪ + = = − = −

∂ ∂⎪⎩
∑…

1

,

0,

0, 1 1, 1 ,

i j j ji i
i i

j j i j j i

i

i

N

j j
i N j

i j

u u u uu up
u g

t x x x x x x

u

x

F F
u j N F F

t x

ρ∑
N

j j
j

F μ∑
N

j j
j

F



1722

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 57  No. 10  2017

EFREMOV et al.

analogue of the velocity equation is reduced to a system of linear algebraic equations (SLAE) of the form
(see [11])

(1.2)

where aPP is the diagonal coefficient of the equation for the cell P, aPN is the coefficient miltiplying the
velocity in the adjacent cell N separated by the face k, the sum extends over all internal faces, and VP is the
volume of the cell P (Fig. 1).

The right-hand side Ri, P includes the explicit part of the discretized convective, diffusion, and nonsta-

tionary terms. From Eq. (1.2), the velocity is expressed as

(1.3)

The velocity ui, k on face k is calculated by interpolating expression (1.3) from the cell centers to the center of

face k with weight λk, except for the pressure gradient, whose contribution is replaced by its direct discrete

analogue [7, 14]. The resulting velocity expression is substituted into the discrete continuity equation (1.1):

(1.4)

where ui, k is the velocity on face k, ni is the normal to face k, Sk is the area of face k, and the sum extends
over all faces of the cell P. In practice, the weight λk is determined in various manners, for example, using
the geometric distance from the cell center to the face center [10], applying the diagonal coefficients aPP

and aPN [12], or setting λk = 0.5.

Equation (1.4) is used to determine the pressure field at the center of each cell. When the system is in
equilibrium, the pressure field must have a hydrostatic distribution (see [8]). However, the pressure dis-
tribution determined by Eq. (1.4) depends on the method for interpolating the vector Hi to cell faces,

which implicitly involves the contribution of the gravity force ρgi; as a result, the hydrostatic pressure field

can be reproduced incorrectly (see [14]).

In this paper, an algorithm for obtaining a correct hydrostatic pressure at cell centers in the case of a
discontinuous density field is designed by extracting the gravity force contribution (along with the pressure
gradient) from the right-hand side Ri, P. With the force of gravity extracted explicitly, Eqs. (1.2)–(1.4)
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(1.5)

(1.6)

where Hi, k = λkHi, P + (1 – λk)Hi, N and Ak = .

In this case, pressure equation (1.6) involves the force of gravity interpolated to face k, namely, (ρgi)k.

To determine its value (which makes it possible to obtain a correct pressure distribution), we consider a
one-dimensional model problem of a system at rest consisting of two fluids under gravity with different
densities (Fig. 2).

In equilibrium, the velocities in the system are zero, so pressure equation (1.6) becomes

(1.7)

Equation (1.7) shows that the term  directly determines the pressure drop between the centers of

the cells P and N1, while the term , between the centers of the cells P and N2. These pressure drops

are calculated analytically (see [8]) assuming that the density inside the cells is constant; as a result,
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where  is the distance from the center of the cell N1 to face k1 and  is the distance from face k1 to

the center of the cell P. In view of this, Eq. (1.7) becomes

(1.9)

Obviously, the solution of Eq. (1.9) leads to a pressure drop corresponding to the hydrostatic solution of
problem (1.8).

In the three-dimensional case, the hydrostatic pressure drop between the adjacent cells P and N is
given by the expression

(1.10)

In view of (1.10), Eq. (1.6) can be written as

(1.11)

Equation (1.11) ensures the computation of a correct hydrostatic pressure field at cell centers in the case
of any method for interpolating the vector Hi to faces.

2. ALGORITHM FOR COMPUTING THE PRESSURE GRADIENT

To ensure that the gravity force is balanced by the pressure gradient in the case of a free surface at rest,
the pressure gradient also has to be correctly computed near the free surface. It was shown in [14] that the
pressure gradient produced by usual methods (e.g., the Gauss formula [10] or the least squares method)
leads to incorrect results, since the pressure field has a kink on the free surface. This difficulty was elimi-
nated in [15] by using the Gauss formula with a modified expression for pressure interpolation to internal
faces of P:

(2.1)

(2.2)

where ξ =  and α is the angle between the normal to face k and the direction of the gravity force.
By following this approach, the pressure gradient can be correctly estimated near the free surface in the
case of an orthogonal grid with lines parallel to the direction of the gravity force. However, it will be shown
below that expression (2.2) yields an unsatisfactory result in the case of an unstructured mesh.

In this work, we use another method, which produces good results on grids of any type. The basic idea
behind the method is that the pressure gradient does not need to be calculated directly to solve the equa-
tion of motion; instead, it is sufficient to calculate the joint contribution made by the pressure gradient
and the force of gravity. To derive such an expression, we introduce a variable p* representing a modified
pressure field:

(2.3)
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where G is a primitive of the function ρgi. Assuming that the density inside the cells is a constant, G can
be written as

(2.5)

where ri is the position vector and C is an arbitrary constant. Due to the presence of C, we can choose an
arbitrary starting point for the vector ri. For the cell P, it is placed at the cell center. Then

(2.6)

Substituting (2.5) into (2.4) and applying the finite-volume discretization (2.6) yields

The second term in square brackets in the last expression is the contribution made to the total pressure
by the hydrostatic pressure calculated with respect to the center of cell P. It vanishes at the center of P,
while, at the center of the neighboring cell N, it is calculated according to expression (1.10), which is used
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for deriving the pressure equation. Using linear interpolation with weight λk to compute the face values,

we obtain

(2.7)

Expression (2.7) has the following physical interpretation. Due to the gravity force ρgi, the pressure

gradient is reduced by the same value that was introduced by ρgi in deriving pressure equation (1.11). As a

result, the pressure gradient is always balanced by the gravity force in the case of a medium at rest.

Below, we present numerical results demonstrating the efficiency of the numerical algorithms pro-
posed for computing the pressure and its gradient in free-surface problems.

3. NUMERICAL EXPERIMENTS

The numerical experiments described below were performed using the software package LOGOS,
which is intended for solving three-dimensional coupled problems in convective heat and mass transfer,
aerodynamics, and f luid dynamics on parallel computers (see [20–22]). LOGOS has been successfully
tested and produced fairly good results on a series of various hydrodynamic problems, including the com-
putation of turbulent and unsteady f lows [23–26] and industrial problems [27, 28]. The acceleration of
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Fig. 6. Conditions of the problem, geometry, and grid.
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computations with the help of highly parallel computer systems is based on multigrid techniques, a
detailed description of which can be found in [29, 30].

3.1. Equilibrium of a Two-Phase Medium under Gravity

Equilibrium of a two-phase medium under gravity is the simplest hydrostatic problem having an ana-
lytical solution (see [8]). However, its simulation by applying the VOF method on an unstructured mesh
can lead to difficulties caused the discontinuity of the density on the free surface. The problem was con-
sidered in a square domain of side length L = 10 m. A half of the domain was filled with water at rest.
The rest of the tank was occupied by air. Both phases were assumed to be incompressible.

A triangular grid was used to simulate the problem (Fig. 3).

The problem was simulated in two stages. At the first, we tested the efficiency of the numerical schemes
for computing pressure, while the efficiency of the numerical schemes for computing the pressure gradient
was tested at the second stage.

At the first stage, the velocities were set to zero and the pressure equation was solved using scheme
(1.11) (denoted by P1) and the usual scheme (1.4) (denoted by P2). In the scheme P2 on the considered
grid under the considered conditions of the problem, the various methods for computing λk were reduced

to a single one, which was used in the computations:

The equations P1 and P2 were solved using an iterative SLAE solver with the relative accuracy δ = 10–6.
Figure 4 shows the computed pressure along the central vertical line as compared with the analytical solution.

The method P1 yields good results: the pressure field coincides with the analytical solution. The pres-
sure plot produced by the method P2 has the correct slope in the area of strong pressure variations (the
first part of the plot), but the absolute value of pressure has a deviation of about 2 kPa. This discrepancy
appears at Y = 5 m coinciding with the free surface position and is associated with the incorrect contribu-
tion of the gravity force to the pressure equation in the case of a discontinuous medium density.

In what follows, only the method P1 was used at the second stage. Let us discuss the efficiency of the
methods for pressure gradient computation. The method based on the Gauss formula (2.1) with linear
interpolation of the pressure to a face is denoted by M1, the method (2.2) with modified interpolation of
pressure to a face is denoted by M2, and the method of modified pressure gradient (2.7), by M3. The prob-
lem was computed over the model time t = 1 s with the time step Δt = 0.01 s. The computed distributions
of pressure, pressure gradient, and vertical velocity along the central vertical line are compared with the
analytical solution (Fig. 5).

As in the case of the scheme P2, the pressure distribution for each of the methods overall agrees with
the analytical solution. However, some discrepancies are observed for M1 and M2, which are associated

λ = = =
+ +

0.5.Nk NN
k

Nk Pk PP NN

d a

d d a a

Fig. 9. Initial conditions of the problem, geometry, and grid.

p = 0 Pa

g

4L

2L

L

water air



COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 57  No. 10  2017

METHOD FOR TAKING INTO ACCOUNT GRAVITY 1729

with nonzero vertical velocities arising due to the unbalanced pressure-gradient and gravity forces. These

discrepancies are more pronounced in the plot of the pressure gradient. The pressure gradient produced

by M1 exhibits oscillations, which are caused by the unbalanced pressure-gradient and gravity forces.

The method M2 also leads to some discrepancies in the pressure gradient near the free surface, which are

revealed as nonzero vertical velocities (Fig. 5). Due to the modified pressure gradient procedure, the

method M3 yields a solution coinciding with the analytical one up to the accuracy of the SLAE solution

for pressure.

The plot of the vertical velocity reveals the formation of perturbations for M1 and M2. Eventually, these

perturbations lead to a perturbed free surface shape and the generation of spurious waves on it (Fig. 5d).

The perturbation amplitudes of the velocity and the free surface shape for M2 are smaller than those for

M1. The method M3 yields a maximum vertical velocity on the order of 10–7 m/s, which is negligibly low

and is explained by the finite accuracy of the SLAE solution for pressure. No distortions of the free surface

shape are observed for such vertical velocities.

Thus, in the case of a hydrostatic equilibrium, the pressure and velocity fields produced by M3 on an

unstructured grid are free from numerical oscillations near the free surface due to the modified pressure

gradient procedure (2.2). The methods M1 and M2 yield oscillations in the vertical velocity field. Over

time, they lead to a distorted shape of the free surface and the generation of spurious waves on it. This

effect is most pronounced in problems with not very large variations in the free surface shape (wave prop-

agation in stagnant water, etc.).

Below, the accuracy of the free surface shape produced by M3, together with the algorithm P1 taking

into account the gravity force in the pressure equation, is estimated as applied to the problem of f luid oscil-

lation under gravity and the breaking liquid column problem.

Fig. 10. (a) Water column height and (b) liquid-covered bottom length.
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3.2. Fluid Oscillation under Gravity

Consider the oscillation of an initially perturbed free surface of an inviscid f luid under gravity. The ini-
tial perturbation is specified as a half-period of a sinusoidal wave

(3.1)

where L = 0.1 m is the length of the tank. This problem has an analytical solution for the oscillation period
(see [31]):

For this configuration, the period is T = 0.374 s. At times multiple of T, the free surface shape has to
repeat initial perturbation (3.1). The problem was simulated by applying the scheme P1 with the pressure
gradient produced by M3. The grid was unstructured and polyhedral with the total number of cells equal
to 30000 (Fig. 6).

The computations were performed over the time t = 10T s with Δt = 0.001 s. The free surface position
near the left edge of the tank (Fig. 7) and the free surface shape at various times (Fig. 8) were compared
with the analytical solution.

The plot of the free surface position near the left edge of the tank is in good agreement with the ana-
lytical solution. However, alternating maximum values are observed, which are associated with a har-
monic of period 2T present in the oscillation. The same result was observed on a structured grid in [7].
The most probable cause is that the transport equation for the volume fraction of system (1.1) is solved
using the numerical scheme M-CICSAM [7], which contracts the phase boundary, thus introducing
additional harmonics into the free surface shape.

− + π + π( ) 0.05 0.005sin( / /2) [m],y x x L

= π = π2 tanh( ), 2 / .T gk kh k L

Fig. 11. Free surface shape at (a) t = 0.2 s and (b) t = 0.4 s.
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The free surface shapes at various times agree well with the analytical solution. The maximum relative
deviation in the amplitude is 3% at t = 2T and 5% at t = 4T, which is comparable in accuracy with the
results obtained on structured grids in [7, 17].

3.3. Liquid Column Breaking

Consider the breaking of a liquid column that is initially at rest in a rectangular tank. For this problem,
there are experimental data, namely, the free surface shape, the liquid column height near the left edge of
the tank, and the liquid-covered bottom length at various times (see [7]). The geometry of the problem
and the initial position of the liquid are shown in Fig. 9. The width of the liquid column corresponds to
the experiment: L = 0.146 m.

The problem was computed on a triangular grid with prismatic boundary layers near the solid surface.
The number of grid elements was 37 000 (Fig. 9). The computations were performed over the model time
t = 1 s with the time step Δt = 0.001 s. The algorithm P1 (for taking into account the force of gravity in the
pressure equation) was used together with M3 (for pressure gradient computation). In Fig. 10, the liquid
column height and the liquid-covered bottom length computed in dimensionless parameters are com-
pared with the experimental data.

Here, y* = y/2L, x* = x/L, and t* = t(2g/L)1/2, where y is the height of the liquid column and x is the
liquid-covered bottom length. The liquid column height computed with the use of the developed algo-
rithms agrees well with the experimental data. However, the computed velocity of propagation of the liq-
uid over the bottom of the tank (Fig. 10b) is somewhat higher than the experimental values. Figure 11
shows the free surface shape at two times as compared with the experimental free surface recovered from
the pictures taken in [7].

The computed free surface shape agrees well with the experimental data. At t = 0.2 s, the liquid front
near the bottom propagates faster (the same as in the plot of liquid propagation over the bottom). As a
result, the liquid level near the left edge of the tank at t = 0.4 s becomes understated. Most likely, this effect
is associated with the diffusion of the liquid volume fraction near its front at the bottom. The same effect
is observed in computations on structured grids [17], so it is not related to the proposed algorithms. Over-
all, the maximum deviation of the free surface shape from the experiment is at most 6%, while the average
deviation is about 3%.

Thus, the above analysis of the problems suggests that the proposed algorithms allow one to correctly
describe the evolution of a free surface shape under gravity.

CONCLUSIONS

A numerical algorithm was constructed that correctly takes into account the gravity force and produces
pressure gradients in the case of a discontinuous medium density, which always occurs in free-surface
problems. A correct hydrostatic pressure field was obtained using an algorithm in which the gravity force
contribution is extracted in deriving a pressure equation and is computed by solving the problem of grav-
itational equilibrium of a two-phase medium. To correctly compute the pressure gradient in the case of a
discontinuous gravity field, an algorithm was proposed that produces good results on grids of any type.
The basic idea behind the algorithm is based on the direct calculation of the joint contribution made by
the pressure gradient and the gravity force to the equation of motion.

The efficiency of the algorithms was checked by computing the equilibrium of a two-phase medium
under gravity. It was shown that the algorithm proposed for constructing a pressure equation gives a cor-
rect pressure field, while the algorithm for gradient computation ensures that the vertical velocity field is
free of numerical oscillations; therefore, there are no distortions in the free surface shape. The accuracy
of the free surface shape produced by the proposed algorithms was demonstrated as applied to the problem
of f luid oscillation under gravity and liquid column breaking. It was shown that the algorithms yield the
correct free surface shape in its evolution under gravity.

The algorithms proposed are applicable in numerical schemes based on unstructured collocated grids
and splitting techniques based on SIMPLE, PISO, and similar methods. These algorithms can easily be
extended to any other inhomogeneous body force (instead of gravity).
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